§1. Introduction
Let M be a smooth, closed oriented 4−manifold. An orientation-compatible symplectic structure on M is a closed two form ω such that ω ∧ ω is nowhere vanishing and gives the orientation. Two such symplectic structures ω 1 and ω 2 on M are said to be deformation equivalent if there is an orientation-preserving diffeomorphism φ such that φ * ω 1 and ω 2 are connected by a path of symplectic forms. Clearly, the number of deformation class of symplectic structures is just the number of the orbit of the group of orientation-preserving diffeomorphisms on the set of connected components of orientation compatible symplectic structures. The determination of the number of deformation class of symplectic structures is a central problem in symplectic topology. It turns out to be a very difficult problem. In higher dimension, the first result was due to Ruan. In [R1] he discovered that on a series of 6−manifolds there are more than one deformation class of symplectic structures. In dimension four, the first breakthrough was made by Taubes [T3] , who showed that there is one deformation class on CP 2 . We [LL2] later showed that the uniqueness holds for rational and ruled surfaces.
In this paper we will first study a simpler problem. Any symplectic structure determines a homotopy class of compatible almost complex structures on the cotangent bundle, whose first Chern class is called the symplectic canonical class. Symplectic structures in a connected component has the same symplectic canonical class. And if two symplectic structures are related by a diffeomorphism, so are their symplectic canonical classes. Two symplectic canonical classes K 1 and K 2 are equivalent if there is a diffeomorphism φ such that φ * K 1 = ±K 2 .
All Kahler surfaces have only one equivalent class of symplectic canonical classes (see [B] and [FM] ). In fact, any minimal symplectic 4−manifold with b + ≥ 2 and two basic Seiberg-Witten classes have this property as well. However, McMullen and Taubes [MT] , and later LeBrun [Le] and Simth [Sm] , have constructed manifolds with b + > 1 and Inequivalent classes of symplectic canonical classes.
Let E be the set of classes represented by smoothly embedded spheres of squares −1. M is said to be minimal if E is the empty set. Our first main result is: Theorem 1. Let M be a smooth, closed oriented 4−manifold with b + = 1 and suppose M has orientation-compatible symplectic structures. There is unique equivalent class of the symplectic canonical classes. Furthermore, if M is minimal, there is a unique symplectic canonical class up to sign. Corollary 1. Let M be a smooth, closed oriented 4−manifold. The number of equivalent classes of the symplectic canonical classes is finite.
To the contrary, in higher dimension, there can be infinite number of equivalent classes. Let us briefly indicate the constructin of such a manifold. Using their knot surgery, Fintushel and Stern [FS] have constructed infinite number of symplectic 4−manifolds homeomorphic to K3, whose diffeomorphism types are ditinguished by the number of their Seiberg-Witten basic classes. The products of those manifolds with S 2 are diffeomorphic, and it carries infinite number of equivalent classesm as can be shown with the methods in [R1] .
Corollary 2. Let M be a minimal symplectic 4−manifold with b + = 1. If φ is an orientation-preserving diffeomorphism, then φ * K = ±K.
For a 4−manifold M and symplectic canonical class K, we will also study the K−symplectic cone and the K−surface cone. First we define Ω K to be the set of symplectic forms with K as the symplectic canonical class. For any oriented 4−manifold M , the symplectic cone of M is defined to be C M ={e ∈ H 2 (M ; R)|e is represented by orientation-compatible symplectic forms}.
Now we can introduce the K−symplectic cone:
A result in [LL2] and Theorem 1 imply that for different K, C M,K are disjoint. To define the surface cone, we need to make two preliminary definitions. Let S ω be the set of s ∈ H 2 (M ) whose Poincaré dual can be represented by embedded ω−symplectic surfaces. Define
Now we can introduce the surface cone S M,K . It is the convex subset of H 2 (M ; R) generated by elements in S M,K .
Let us remark that our K−surface cone is very similar to the deformed symplectic effective cone introduced by Ruan in [R2] . In particular if Ω K has only component, then they concide.
A nice property of the K−surface cone and the K−symplectic cone is the duality property: they are contained in the dual of each other. To determine the K−symplectic cone and the K− surface cone, the first step is to determine S K via Taubes' Symplectic Seiberg-Witten theory. To state the results, we need to introduce the concept of the forward cone. On a closed oriented 4−manifold with b + = 1, the classes of positive square fall into two connected components. The one component containing the class of the sympelctic form is called the forward cone.
Built on results in [T3] , [LL1] , we are able to determine the symplectic SeibergWitten invariants on those manifolds. In particular we show that (see Proposition 4.4) for a minimal symplectic manifold with b + = 1 and symplectic canonical class K, N e is in S K if e is in the forward cone and N is big. This already implies that the forward cone is contained in the K−surface cone.
We also completely determine which multiples of K are in S M,K . As a pleasant byproduct, we obtain an analogue of Casteluovo's criterion of rational surfaces.
Donaldson has proved that sufficiently high multiples of an integral symplectic form can be represented by symplectic submanifolds. Comparing with Donaldson's result, it is natural to conjecture that any class in the forward cone is represented by symplectic forms. Using the inflation process of McDuff (see [Mc3] ), we can show that this is indeed the case.
Theorem 2. Let M be a minimal closed, oriented 4−manifold with b + = 1. Suppose M admits an orientation-compatible symplectic strutcure ω with symplectic canonical class K. Use ω to define the forward cone F P. Then C K = F P. In particular, any class in the positive cone can be represented by a symplectic form.
By Theorem 2 and the duality property we have Theorem 3. Let M be a minimal closed, oriented 4−manifold with b + = 1. Suppose it admits a symplectic structure with symplectic canonical class K. Use ω to define the forward cone. Then
And if M is not ruled,
Theorem 2 and 3 suggest that there is a stronger duality:
Duality Conjecture. Let M be a closed, oriened manifold. Suppose K is a symplectic canonical class, then the K−surface cone and the K−symplectic cone are dual to each other. For minimal manifolds with b + = 1, this conjecture is to ask whether the surface cone is the closure of the forward cone. We are able to confirm it for several classes of manifolds.
For non-minimal manifolds, Theorem 2 and 3 no longer hold due to presence of the set E. In fact what is relavant is the subset E K . Using the blow up formula for Gromov-Taubes invariants in [LL4] , we can obtain Thoerems 4 and 5, which are analogues of Theorem 2 and 3 respectively. We are also able to completely characterize the entire symplectic cone C M interms of the set E when M is not the blow up of an S 2 −bundle.
Theorem 6. Let M be a closed, oriented 4−manifold with b + = 1 and C M nonempty. Suppose M is not diffeomorphic to a blow up of an S 2 −bundle. Then
When M is a blow up of an S 2 −bundle, we expect the same conclusion hold. It will be addressed in [L3] .
We notice that Theorem 1.2 and Corollary 1.3 in [Mc3] can be generalized to all symplectic 4−manifolds with b + = 1. This generalization is useful for the duality conjecture.
The results here are applied in [Lil] to determine the minimal genus of classes with positive square in oriented manifolds with b + 1 and admitting (orientationpreserving) symplectic structures.
The organization of this paper is as follows. In §2, we review the SeibergWitten theory on symplectic manifolds with b + = 1 and the Gromov-Taubes theory of symplectic surfaces. In §3, we present the proof of Theorem 1. In the last section, we study the K−surface cone and the K−symplectic cone. In §4.1, we give some general properties of the K−symplectic cone and the K−surface cone. In §4.2, we deal with the minimal manifolds and prove Theorem 2 and 3. In §4.3, we deal with the non-minimal manifolds and prove Theorem 4-6. In §4.4, we study the Duality conjecture.
We would like to thank J. Kollar, I. Smith and G. Tian for their interest in this work. This research is partially supported by NSF. §2. The Seiberg-Witten invariants and Gromov-Taubes invariants of symplectic 4−manifolds In this section we first review the Gromov-Taubes theorey of counting symplectic surfaces in symplectic 4−manifolds. Then we review the Seiberg-Witten theory of symplectic 4−manifolds with b + = 1. §2.1. The Seiberg-Witten invariants of symplectic 4−manifolds
In this subsection we review the Seiberg-Witen invariants. For more details, see e.g. [M] and [S] , and for the Seiberg-Witten invarians on symplectic 4− manifolds, see [T1] .
Fix a riemannian metric g and a real self-dual 2-form µ on M . Given a Spin c structure L, we can write down the Seiberg-Witten equations for L. Denote M(M, L) as the moduli space of the Seiberg-Witten equations.
Here χ and σ are the Euler characteristic and the signature of M respectively, and c 1 (L) is the first Chern class of the determinant line bundle of L (We will not distinguish a line bundle and its first Chern class). Furthermore, an orientation of the real line det
which is induced by the Euler class of a naturally defined circle bundle on M ×M(M, L) (see [FS] and [T4] ). Now we give the definition of SW : Definition 2.1. Fix an orientation for the line det + . Fix a spin c structure L. Fix a generic pair (g, µ) with the salient properties above. Let
where pt is the class of a point in H 0 (M ; Z). When b + > 1, the value of SW is independent of the choice of the generic pair (g, µ). Hence SW can be viewed as a map from the set of Spin c structures SP to Λ * H 1 (M ; Z). Finally, let SW i denote the part of SW in Λ i H 1 .
When b + = 1, SW also depends on the choice of chamber. On a 4-manifold with b + 2 = 1, the second cohomology classes with positive square form a cone with two connected components. Pick one of them and call it the forward cone. Given a metric g, there is a unique self-dual harmonic 2-form ω g for g in the forward cone with ω 2 g = 1. For a pair (g, µ) and a Spin c structure L, define the discriminant
The set of pairs (g, µ) with positive and negative discriminant are called the positive and negative L chamber respectively. The map SW (M, L) is constant on any L chamber. So in the case b + = 1, given a choice of the the forward cone and a Spin c structure, we can define
for the positive and negative L chambers respectively. Denote SW i ± to be the part of SW ± in Λ i H 1 .
Let ω be an orientation-compatible symplectic form. ω (actually, the deformation class of ω) determines a unique homotopy class of ω−compatible almost complex structures, and hence a canonical line bundle K. Those almost complex structures induce a natural orientation of the line det + .
There is a canonical Spin c structure with K −1 as its determinant line bundle and it induces a natural identification between SP and H 2 (M ; Z). Furthermore, if e ∈ H 2 (M ; Z), the Seiberg-Witten moduli space of the corresponding Spin c structure has formal dimension 2d = e · e − K · e. (2.2)
When b + = 1, ω determines the choice of the forward cone. With respect to this choice, the negative chamber is called the symplectic chamber. Since the choice of the forward cone is just an orientation of the line
A fundamental result of Taubes is Theorem 2.2. Let M be a symplectic 4−manifold. Use the symplectic structure to orient M and the Seiberg-Witten moduli spaces; and, in the case b + = 1, use the symplectic structure to define SW + and SW − . Then SW
An involution on the set of Spin c structure induces the following symmetry of the Seiberg-Witten invariants, Symmetry Lemma 2.3. Let M be a symplectic 4−manifold with b + = 1. Then
By the symmetry lemma and Theorem 2.2, we have SW 0 + (K) = ±1. For a symplectic 4-manifold with b + = 1 it is convenient to define the symplectic Seiberg-Witten invariant SW ω and it is naturally viewed as a map from
We have following inequalites, which constrain the range of symplectic forms given basic classes in particular symplectic canonical classes, and vice versa. Theorem 2.4. Let M be a smooth, closed oriented 4−manifold. 1. Suppose M has b + > 1 and e ∈ H 2 (M ) is represented by a symplectic form with K as its symplectic canonical class. Suppose L is a class such that
2. Suppose M has b + = 1. Suppose e 1 and e 2 are represented by symplectic forms and e 1 · e 2 > 0. Let K 1 and K 2 be their symplectic canonical classes. Then and 2m(l) is the formal dimension of the Spin c structure on N #CP 2 corresponding to v ± lE, then
Here pr(2m(l)) is the projection from
. Gromov-Taubes invariants of symplectic 4−manifolds
Let M be a closed symplectic 4−manifold with symplectic canonical class K. Like the Seiberg-Witten invariants, the Gromov-Taubes invariants are given by a map Gr from
d(e) is the Gromov-Taubes dimension of the class e. It is the expected maximal dimension of the components of pseudo-holomorphic curves (the domain of the curves can be any Riemann surfaces with arbitray number if connected components) representing the Poincare dual of e. If d(e) ≥ 0, fix an integer p ∈ {0, 1, · · · , d} and then fix γ 1 ∧ · · · ∧ γ 2p ∈ Λ 2p H 1 . For a compatible almost complex structure J, let H(e, J, Ω, Γ) be the set of J−holomorphic curve representing the Poincare dual of e, and passing through Ω, a set of d − p points and intersecting Γ, a set of 2p disjoint circles representing γ 1 , · · · , γ 2p .
For generic J, Ω and Γ, Taubes showed that H(e, J, Ω, Γ) has the following properties: 1. H(e, J, Ω, Γ) is a finite set. 2. Let h ∈ H. Let C 1 , · · · , C k be the irreducible components of h which represent the Poincare dual of the classes e 1 , · · · , e k and have multiplicities m 1 , · · · , m k . Then C 1 , · · · , C k are embedded and disjoint.
3. m j = 1 unless C j is a torus and e 2 j = 0. 4. e 2 j ≥ −1 and e 2 j = −1 only if C k is a sphere. Taubes then assigned an integer q(h) to each h ∈ H in a delicate way. And he defined Gr(e)(γ 1 ∧ · · · ∧ γ 2p ) to be q(h).
Lemma 2.6. Let M be a symplectic 4−manifold and e be a class with square zero. If the Poincaré dual of e can be represented by symplectic surfaces, then ne can also be represented by symplectic surfaces.
Proof. Let C be a symplectic surface representing C. By the symplectic neighborhood theorem, the tubular neighborhood of C is symplectically a product C × D 2 . Pick n points and we get n symplectic tori each representing the Poincare dual of e. The proof is complete.
Any embedded J−holomorphic curve is an embedded symplectic surface. Suppose C j has multiplicity m j > 1, then C j is a torus with square zero. Thus by Properties 1−4 and Lemma 2.6 we have Theorem 2.7 ( [T1] ). Let M be a symplectic 4−manifold. If Gr(e) is nonzero, then the Poincare dual of e can be represented by symplectic surfaces.
Taubes [T1] showed that Gr(e) only depends on the deformation class of the symplectic form and it is natural with respect to diffeomorphisms.
A version of Gromov-Taubes invariants was introduced by Y-B. Ruan in [Ru].
It was also shown in [IP] that the Gromov-Taubes invariants can be constructed from the Ruan-Tian invariants in [RT] . §2.3. Equivalence between SW and Gr in the case b + = 1
In this section, M is a symplectic 4−manifold with b + = 1. Another fundamental and deep result of Taubes is Theorem 2.8. Let M be a minimal symplectic four-manifold with b + = 1. Use the symplectic structure to orient M and the Seiberg-Witten moduli spaces; and use the symplectic structure to define SW ω as a map from H 2 (M ; Z) to Λ * H 1 (M ; Z). Then SW ω = Gr. In particular, if SW ω (e) is nonzero, then e · ω ≥ 0 and e · ω = 0 only if e = 0. For a non-minimal symplectic manifold, let E ω be the set of classes represented by symplectic −1 spheres. Then the above conclusion holds with the additional assumption that
For classes violating the condition (2.2), SW and Gr are different. McDuff introduces a map Gr ′ . It is a variation of the map Gr which takes into account multiply covered −1 spheres. It coincides with Gr for all classes satisfying (2.2). It was shown in [LL3] that Gr ′ = SW for all classes not satisfying (2.2).
To compute the Gromov-Taubes invariants of non-minimal symplectic manifolds, we need the blow up formula (see [LL4] ).
Lemma 2.9 . For every symplectic manifold M , there exists a symplectic manifold N , such that M is obtained by blowing up N at a number of points and N has no symplectically embedded −1 spheres. Theorem 2.10 (blow up formula) Let M be a symplectic four manifold with b + = 1. Let Σ be the class of a symplectic sphere with self-intersection −1 in M such that ω(Σ) > 0 and let s be the Poincare dual to it. Let N be the symplectic manifold obtained by blowing down Σ. If v ∈ H 2 (N ; Z) and u = v − ls for some integer l. Then under the canonical identification between Λ * H 1 (N ; Z) and Λ * H 1 (M ; Z),
Here pr(2d(u)) is the projection from
We start with a simple but useful lemma concerning the intersection pairing of a 4−manifold with b + = 1. Lemma 3.2. Let M be a minimal symplectic manifold with b + = 1. Use the symplectic structure to orient M and the Seiberg-Witten moduli spaces; and use the symplectic structure to define SW + and SW − . Suppose K 2 ≥ 0 and K · ω ≥ 0.
2. e = rK for some rational number r ∈ [1/2, 1] or 2e − K is a torsion class if
1. e is the zero class if K 2 > 0 or K is a torsion class.
2. e = rK for some rational number r ∈ [0, 1/2] or 2e − K is a torsion class if
Proof. Since K 2 ≥ 0 and K · ω ≥ 0, K is in the closure of the forward cone. We first assume (K −1 + 2e) · ω ≥ 0 and SW + (K −1 + 2e) is nontrivial. By the symmetry lemma, SW i ) ) is nontrivial. Thus either K = e or K − e is represented by a symplectic surface and consequently (K − e) · ω > 0.
Let us first deal with the case that K is a torsion class. Since K · ω = 0, we see that e · ω ≥ 0. And if e = K, e · ω = (e − K) · ω < 0. Therefore e must be equal to K. Now let us treat the case that K is not a torsion class. Since there are no −1 curves, (K − e) 2 ≥ 0. This implies that K − e is in the forward cone and hence
It is zero only when K 2 = 0.
We can assume now that (
All three terms are non-negative, the first by assumption, the second by (3.1), the third being the Seiberg-Witten dimension of the class K −1 + 2e.
When K 2 > 0, equality holds if and only if c = 1, and thus (K − e) · ω = 0 When K 2 = 0, equality holds if and only if e 2 = e · K = 0. Since K is not a torsion class, by the light cone lemma, e = rK. r is no bigger than one since (K − e) · ω ≥ 0 and r is no less than 1/2 since (K −1 + 2e) · ω ≥ 0.. 
Now we assume that (K
2. Suppose d(e) ≥ 0 and Λ 2 H 1 is one dimensional. Let γ be the generator of
Proof. We only have to fix the sign. This can be accompilshed by checking special manifolds.
Lemma 3.4. Let M be a minimal ruled surface or CP 2 . SW 0
is in the forward cone and d(e) ≥ 0.
Proof. Choose a metric of positive scalar curvature on M . With this metric, the Seiberg-Witten moduli spaces of the unperturbed equations are all empty ( [W] ). Since (K −1 + 2e) · ω > 0, we find that SW + (K −1 + 2e) = 0. For P 2 and S 2 × S 2 , the conclusion follows from part one of Lemma 3.3. For ruled surfaces with b 1 ≥ 2, γ is nonzero. Since (K −1 + 2e) is in the forward cone and γ has square zero, (K −1 + 2e) · γ is nonzero. Hence the conclusion follows from part two of Lemma 3.3.
For a manifold M and a choice of symplectic canonical class K, we define the set of K−exceptional spheres to be
Let us summarize some useful facts about E K in the following lemma.
Lemma 3.5. Let M be a closed, oriented 4−manifold. 1. Let ω be a symplectic form with K as its symplectic canonical class. Denote the set of ω−symplectic exceptional spheres by E ω . Then
2. When M is not the blow-up of a rational or ruled surface, E K is a finite set and classes in E K are pairwisely orthogonal.
3. Let N be an S 2 −bundle over a Riemann surface with positive genus and γ be the class Poincaré dual to the fiber. Let M be the blow up of N at k points with exceptional classes E 1 , ..., E k . Then if K · γ = −2ǫ,
4. Let f be an orientation-preserving diffeomorphism, then
Proof. Part 1 is proved in [T2] when b + > 1 and [LL2] when b + = 1. For E ω , the corresponding statements of 2 and 3 are proved in [M] and [Bi] respectively. Thus part 2 and 3 follow from part 1.
If C is a −1 sphere symplectic with respect to ω, then f −1 (C) is a −1 sphere symplectic with respect to f * ω. Since the Poincaré dual to the class of f −1 (C) is the pull back of the Poincaré dual to the class of C under f , we have (4.3). Theorem 1. Let M be a smooth, closed oriented manifold with b + = 1. There is exactly one equivalence class of symplectic canonical classes. In fact, if M does not contain smoothly embedded spheres with square −1, the symplectic canonical class is unique up to sign. Proof. When M is ruled, this is proved in [LL2] (see also [LM] ). For the convenience of readers, we briefly present the argument here. Let us recall that a classical theorem of Wu states that a class c is a the first Chern class of an almost complex structure on M only if c 2 = 2χ(M ) + 3σ(M ) and its mod 2 reduction is w 2 (M ). This fact alone determines the choice of the symplectic canonical classes when M is CP 2 or an S 2 −bundle over S 2 via a simple calculation.
Suppose K l is a symplectic canonical class. Let e 1 , · · · , e l be the generators of the CP 2 . They are represented by smoothly embedded −1 spheres. By Theorem 1 in [L1] , there exists a diffeomorphism φ l such that φ * l e is represented by a symplectic −1 sphere C l . We can blow down C l to obtain M l−1 . Then φ * l e j , j = 1, · · · , l − 1 are naturally in H 2 (M l−1 ) and still represented by smoothly embedded −1 spheres. By repeating the above process, we find that M l is symplectomorphic to CP 2 blown up at l points. Denote the symplectomorphism by φ. Let K st be the standard symplectic canonical class. Then φ * K st = K l . SupposeK l is another symplectic canonical class. Then there exists another symplectomorphism ψ such that ψ
In fact, when l ≤ 9, it was shown directly in [LL2] that the group of orientationpreserving diffeomorphism acts transitively on the set of first Chern classes of almost complex structures up to sign. Now let M be an S 2 −bundle over a Riemann surface with positive genus and K be a symplectic canonical class. The main observation is that the wall crossing number of K −1 must be one. This is because, on one hand, with a metric of positive scalar curvature, the Seiberg-Witten invariant of K −1 is trivial; on the other hand, in the symplectic chamber, it is equal to 1. By Lemma 3.3,
Invoking Wu's theorem, we again find the choice of K is unique. Now for M l = M #lCP 2 , the argument is similar to the case of CP 2 #lCP 2 .
Suppose M is not ruled. We first assume that M has no smoothly embedded −1 spheres.
Fix an orientation-compatible symplectic structure ω and let K be its symplectic canonical class. We have K · ω ≥ 0 by [Liu] . Supposeω is another orientationcompatible symplectic form andK is its symplectic canonical class. Since the symplectic canonical class of −ω is just −K, we can assume thatω and ω are in the same component of the positive cone so they determine the same forward cone. Again we haveK · ω ≥ 0 and SW
ω + 2e for some class e. SinceK is in the closure of the forward cone, we have (K −1 + 2e) · ω ≥ 0. By the first part of Lemma 3.2, if K 2 > 0 or K is a torsion class, e is equal to K; and by the second part of Lemma 3.2, if K 2 = 0 and K is not a torsion class e = rK for some rational number r ≤ 1 or 2e − K is a torsion class. ThusK = K if K 2 > 0 or K is a torsion class, and K = (2r − 1)K for some rational number r ∈ [1/2, 1] or 2K − K is a torsion class when K 2 = 0 and K is not a torsion class itself.
In the case K 2 = 0 and K not a torsion class, we see thatK 2 = 0 andK not a torsion class. We can start with the symplectic formω and repeat the argument to get K = (2r − 1)K for some rational numberr ∈ [1/2, 1] or 2K −K is a torsion class. Comparing the two set of relations we find r =r = 1 and therefore K =K. This finishes the proof when M is minimal. Suppose M is not minimal. Let E 1 , · · · , E k be the classes represented by smoothly embedded −1 spheres. By Corollary 3 in [L1] , these classes are represented by disjoint symplectic −1 spheres up to sign. Blowing down those symplectic spheres, we obtain a minimal manifold N . We have
For any class E represented by smoothly embedded −1 spheres, there are diffeomorphisms which act on H 2 as a reflection along E. Thus we see all the K M are equivalent. The proof is complete. Proof of Corollary 2. Let φ be any orientation-preserving diffeomorphism. Since φ * K is the symplectic canonical class of φ * ω, Corollary 2 is immediate from the proof of Theorem 1.
It follows from Corollary 2, up to sign, the action of φ on H 2 is determined by its restriction to L, the orthogonal complement of K in H 2 (M ). Since L is negative definite, it has only finitely many automorphisms. Thus we have In this section, we are going to study the K−surface cone and the K−symplectic cone. §4.1. Some properties
In this subsection, we prove some general properties of the K−symplectic cone and the K−surface cone, which will be used in section 4. Proposition 4.1. Let M be a closed, oriented 4−manifold.
3. Suppose M has b + > 1 and b 1 , ..., b l are the Seiberg-Witten classes. Then
Proof. Suppose K 1 and K 2 are distinct symplectic canonical classes, then K 1 − K 2 can not be a non-zero torsion class. In the case b + > 1, this follows from Theorem 2.4.1, in the case b + = 1, this is due to Theorem 1. Thus if K 1 = K 2 , we have by Theorem 2.4
Consequently if
If ω is a symplectic form with K as its symplectic canonical class, then f * ω is symplectic with f * K as its symplectic canonical class. Therefore (4.1) holds.
The last part follows directly from Theorem 2.4. The proof of the proposition is complete.
We conjecture that the third part is in fact an equality. If K is trivial, then the only Seiberg-Witten basic class is 0 and the righthand side is just F P. When M is a T 2 −bundle over T 2 , K is trivial and it has been shown explicitly in [G] that all classes in P can indeed be represented by symplectic forms. For K3 surface, this is also the case.
Let W be a cone in H 2 . Define
Lemma 4.2. Let M be a symplectic 4−manifold with symplectic canonical class
Lemma 4.3. Let M be a closed oriented 4−manifold with b + = 1. Let F P be a compoent of P. For a subset F of H 2 (M ), define
And the same holds if F P is replaced by P.
Proof. Let us first show that F P = F P ∧ . By light cone lemma, F P ⊂ F P ∧ . Let α be any class with negative square. The orthogonal complement of α still has b + = 1. So there exist a class β with positive square such that α · β = 0. This shows that F P ∧ ⊂ F P. Since
Let p ∈ F P + f ∈F R + f . Then p · e > 0 for any e ∈ F P, thus p ∈ F P ∧ = F P.
And p · f > 0 for any f ∈ F. Therefore
The proof is complete.
Finally we would like to speculate on the relation between the Kahler cone and the K−symplectic cone. For an almost complex structure J with K as the canonical class, we can introduce
R|e has symplectic representatives compatible with J}.
When J is integrable, C M,J is just the Kahler cone. It would be nice to have J such that
In this subsection, M is a minimal closed, oriented 4−manifold with b + = 1. We will first describe the set S K . The knowledge of S K is then used to provide a complete description of C K . Finally we study the K−surface cone. Proposition 4.4. Let M be a minimal symplectic 4−manifold with b + = 1. Let e ∈ H 2 (M ) be a class in the forward cone. If e − K is in the closure of the forward cone and is not equal to zero, then the Poincare dual to e is represented by connected symplectic surfaces. In particular for N big, the Poincare dual to N e is represented by connected symplectic surfaces. Moreover if K is torsion, N can be chosen to be one; and if M is not ruled, we take N to be max{2(e · K)/e 2 , 1}.
Proof. The assumption that e being in the forward cone and e − K in the closure of the forward cone implies that (e − K) · e > 0. Since d(e) = (e − K) · e is even, we have d(e) ≥ 2. It also implies that 2e − K = e + (e − K) is in the forward cone, thus [Liu] . Therefore under the assumption of the theorem, SW ω (e) is not equal to zero. By Theorem 2.8 the Poincaré dual to e is represented by embedded symplectic surfaces.
Suppose the surfaces have more than one component. Because e 2 > 0, each component has non-negative square, and some surfaces must have positive square. But by the Light cone lemma, this is impossible. The proof is complete.
A slightly weaker version of Proposition 4.4 appeared in [MS] and [Mc3] . I. Smith informed us that via a construction using Lefschetz fibrations, he and Donaldson obtained simliar results about the existence of symplectic surfaces.
It is interesting to determine which multiples of K can be represented by symplectic surfaces. Proposition 4.5. Let M be a minimal symplectic manifold with b + = 1 and K not a torsion class. Then nK can be represented by symplectic surfaces in the following cases:
2. n = 1 when M is not ruled and b 1 = 2.
3. n ≥ 2 when M is not ruled.
In fact in case 1 and 2 , Gr(nK) = 0.
Proof. The manifolds in case 1 are ruled. And K 2 ≥ 0, K · ω < 0. So d(nK) ≥ 0 and K −1 +nK is in the forward cone for all n ≤ 1. Thus it follows from Lemma 3.3. For any other minimal ruled surfaces, K 2 < 0. Therefore, as remarked above, no multiples of it can be represented by symplectic surfaces for all symplectic forms.
By Lemma 2.6 SW + (K −1 + 2K) = 1. Let γ be the generator of Λ 2 H 1 such that ω · γ ≥ 0. When b 1 = 2, the wall crossing number of K −1 + 2K is not equal to
When b 1 = 0, or when b 1 = 2 and K · γ = 0, the wall crossing number of K −1 + 2nK is nonzero. Therefore SW − (K −1 + 2nK) is nonzero for n ≥ 2. When b 1 = 2 and K · γ = 0, from part 2 we know K still can be represented by symplectic tori. Thus nK can be represented as well by Lemma 2.6. The proof of Proposition 4.4 is complete.
Corollary 4.6. Let M be a symplectic 4−manifold with b + = 1 and non-torsion symplectic canonical class K.
2. If b 1 = 2 and M is Kahler, then M is elliptic ruled.
3. If K = 2lτ for a primitive class τ and M is Kahler, then l = 1 and M is S 2 × T 2 .
Proof. Part 1 follows directly form Propositon 4.5(3).
For a Kahler surface M , b + = 1 + 2p g , where p g is the dimension of the global sections of the canonical bundle. If b + = 1, p g must be zero, and hence there are no holomorphic curves representing K. Thus Gr(K) = 0, and by Proposition 4.5, if b 1 = 2 and M is not ruled, then K must be a torsion class. This is exclude by the assumption and M must be ruled and it is ellptic ruled because b 1 = 2.
A few remarks about Cororllary 4.6 are in order. Firstly, considering M of the form S 1 ×X where X is a fibered 3−manifold with b 1 = 1. M has b + = 1 and b 1 = 2 and when the genus of the fiber is not zero, M is not ruled. Since for any g there are fibered 3−manifold with fiber having genus g, we see that the condition in 4.6(2) that M is Kahler is necessary. Secondly, if X is a fibered 3−manifold with fibers having genus g, a simple calculation shows that K = (2g − 2)τ . We see that for a symplectic 4−manifold it is possible that K = 2lτ for any l. Finally considering the kahler surfaces D(p, q) obtianed by performing a pair of Log transformations with order p and q, we see that for a Kahler surface it is possible that K = (2l + 1)τ for any l and K = 2lτ modulo torsion for any l.
Theorem 2. Let M be a minimal closed, oreinted 4−manifold with b + = 1. Suppose M admits a orientation-compatible symplectic strutcure ω with symplectic canonical class K. Use ω to define the forward cone F P. Then C K = F P. In particular then any class in the positive cone can be represented by a symplectic form.
Proof. Since being symplectic is an open condition, we can assume that ω is an integral class. Since any positive real multiple of a symplectic form is still symplectic with the same canonical class, we only need to show that every class in the forward cone can be represented by symplectic forms with K as the symplectic canonical class. Let e be an integral class in the forward cone, then ω · e > 0. For large l, le − ω is in the forward cone and (le − ω) − K is in the closure of the forward cone. Thus by Proposition 4.4, le − ω can be represented by symplectic surfaces. Given a symplectic surface with non-negative self-intersection, the inflation process of McDuff constructs a judicious Thom form ρ in its neighborhood such that ω + κρ remains symplectic for all positive number κ. Thus ω + (le − ω) is represented by symplectic forms.
In fact we hace shown that any real multiple of an integral class can be represented by symplectic forms. Using a trick of Biran [Bi] , we can prove it for any class. We briefly present the argument here. Let α be a class in the positive cone. Then there are classes α i such that α = α i and each α i is a positive multiple of an integral class β i in the forward cone. Thus it suffices to show that α 1 + α 2 can be represented by symplectic forms. But this is immediate from the inflation process, since there are symplectic form representing α 1 and symplectic submanifolds representing large integral multiples of β 2 . Thus we have shown that C K = F P.
The last statement is clear now because any nonzero multiple of an orientationcompatible symplectic form is still an orientation-compatible symplectic form. The proof is complete.
It follows from Theorem 2, Lemma 4.3 and Proposition 4.4, we have Theorem 3. Let M be a minimal closed, oriented 4−manifold with b + = 1. Suppose it admits a symplectic structure with symplectic canonical class K. Then
It is interesting to notice that no classes of negative square are in the surface cone. Given a symplectic structure, there might be more classes whose Poincaré dual are represented by symplectic surfaces. Examples are the Hirzebruch surfaces F n where there are holomorphic curves, hence symplectic, of square −n.
Let us remark that Donaldson's result fits nicely with our results. Suppose e ∈ F P. Theorem 2 tell us that e can be represented by a symplectic form ω. Donaldson's construction then produces ω−symplectic surfaces representing large multiples of the Poincaré dual of e. §4.3. When M is not minimal
In this subsection M is a non-minimal manifold.
Proposition 4.7. Let M be a symplectic 4−manifold with b + = 1. Let E ω be the set of the exceptional classes represented by symplectic −1 spheres. Let e ∈ H 2 (M ) be a class in the forward cone. Assume that e − K is in the closure of forward cone and e − K = 0. Further assume that e · E ≥ −1 for all E ∈ E ω . Then the Poincaré dual to e can be represented by symplectic surfaces. Furthermore, if e · E ≥ 0 for all E ∈ E ω , then the symplectic surfaces are connected.
Proof. Let N be a minimal reduction of M , i.e. N is minimal and M is obtained from N by blowing up some number of points. Let E 1 , ..., E k be the exceptional classes for the blow down map M −→ N . Thus E i ∈ E ω and Theorem 4. Let M be a smooth, closed oriented 4−manifold with b + = 1. Let K be a symplectic canonical class. Use any class in Ω K to define the forward cone. Then
Proof. By Lemma 3.5(1) C K is contained in F P E K . To prove the inclusion in the other direction, we fix any symplectic form ω on M with K as its symplectic canonical class. Let e be an integral class in F P E K . Since for large integer l, le and le − K are both in the forward cone and le · E > 0 for any E ∈ E ω , le is represented by connected symplectic surfaces by Lemma 3.5(1) and Proposition 4.7. The rest of the proof is exactly the same as that in Theorem 2. The proof is complete.
In [FM] , good generic rational surfaces are defined. For those surfaces, the only irreducible curves with negative squares are the exceptional curves and those representing K −1 . Thus by Mukai's criterion for ampleness, the Kahler cone
It is not known whether the Kahler cone can be as big as the symplectic cone. Again by the Mukai's ample criterion, it is true if one can show that for any integer s, are there s points on the projective plane such that, on the rational surface obtained by blowing up these points, the only irreducible curves with negative squares are smooth rational curves with square −1? J. Kollar pointed out that this question is related to the Nagata conjecture.
Theorem 5. Let M be a smooth, closed oriented 4−manifold with b + = 1. Let K be a symplectic canonical class. Use any class in Ω K to define the forward cone. Then
Proof. By Proposition 4.7, S K contains the set
we have F P ⊂ S K . Therefore we have
By Lemma 4.2, 4.3 and Theorem 4,
Now we will give a complete description of C M when E is finite. For this purpose we summarize the facts about E in the next lemma.
Lemma 4.8. Let M be a closed oriented 4−manifold with C non-empty. Suppose M is diffeomorphic to N #lCP 2 where N is minimal. Let F 1 , ..., F l be the generators of H 2 of CP 2 .
1.
3. When N is an S 2 −bundle over a surface of genus g and γ is a generator of
And E is an infinite set if l ≥ 2 and E K is an infinite set if l ≥ 9. Proof. Part 1 and 2 were proved in [L1] . Part 3 was in [FM2] .
Theorem 6. Let M be a smooth, closed oriented 4−manifold with b + = 1 and C M non-empty. If M is not a blow up of an S 2 −bundle, then
Proof. Suppose M is diffeomorphic to N #lCP 2 , where N is minimal. Let F 1 , ..., F l be the generators of H 2 of the CP 2 . Let K N be one symplectic canonical class of N .
If N is not P 2 or S 2 −bundles over surfaces. E is a finite set and E = {±F 1 , ..., ±F l }. Any symplectic canonical class of M is of the form
If e ∈ C M , e ∈ C M,K for some K and e · η i (K)F i > 0 for i = 1, ..., l. Thus we have shown that C M ⊂ {e ∈ P|e · E = 0 for any E ∈ E}.
Suppose e ∈ F P and e · F i = 0. Let
Then K is a symplectic canonical class, and e ∈ C M,K by Theorem 4. Thus we have shown that {e ∈ P|e · E = 0 for any E ∈ E} ⊂ C M .
The same argument works for CP 2 #CP 2 and the proof of Theorem is complete.
By the statements about E in Lemma 4.8, E is an infinite set if M is a blow up of an S 2 −bundle. This makes the determination of C M much harder It will be stuided in [L3] . §4.4.
The conjecture on duality between K−symplectic cone and K−surface cone In this subsection we will show the Duality Conjecture holds for several classes of manifolds. Duality Conjecture. Let M be a closed, oriened manifold. Suppose K is a symplectic canonical class, then the K−surface cone and the K−symplectic cone are dual to each other.
As we mentioned in the introduction, it is useful to extend two results in [Mc32] . Corollary 4.10. Let M be closed oriented 4−manifold with b + = 1. Let ω 1 and ω 2 be two orientation-preserving symplectic forms. If they are deformation equivalent and are cohomologous, then there exists an orientation-preserving diffeomorphism φ such that φ * 1 ω 1 = ω 2 . Corollary 4.11. Let M be a symplectic 4−manifold with b + = 1. For any k > 0, there is at most one way of blowing up k points to specified sizes. Proof of Corollary 4.10 and 4.11. These results were proved in [Mc3] c). S 2 −bundles over surfaces with positive genus. d). T 2 −bundles over T 2 with b + = 1 and γ = 0, if there is a unique deformation class of symplectic forms on these manifolds. e). S 2 × X, where X is a fibered 3−manifold with b 1 = 1, if there is a unique deformation class of symplectic forms on these manifolds. f). K3, T 2 −bundles over T 2 with b + > 1.
Proof. For minimal symplectic 4−manifolds with b + = 1. Due to Theorem 3 and Lemma 4.3, this amounts to show that the surface cone is the closure of the positive cone, i.e. S M = F P. Due to Theorem 3, it suffices to show that any class e with e 2 = 0, some multiple of it is in S K . We will show it is the case for manifolds in a)−e).
When K is torsion, any such class has d(e) = 0 and (K −1 + 2e) · ω > 0. If in addition b 1 = 0, by Lemma 3.1 and 3.2(1), SW ω (e) is non-trivial. By Theorem 2.8, e ∈ S M,K .
For minimal rational surfaces, K −1 is in the forward cone. Thus Gr(e) = 0 for any class e ∈ F P by Lemma 3.4.
For product ruled surfaces S 2 × Σ, if e has square 0, then it is Poincaré dual to multiples of [S 2 ] or [Σ] . On such surfaces every symplectic form is isotopic to a product from by [LM] . Since any product symplectic form is a symplectic form on any S 2 and Σ, it follows from Corollary 4.12.
For a non-product ruled surface, the classes with square zero are Poincaré dual to multiples of [S 2 ] and s = [s + ] + [s − ], where s and s ′ are any pair of sections with opposite squares. On such surfaces, every symplectic form is isotopic to a Kahler form. And for any integrable complex structure, there are a pair of holomorphic sections, which give rise to a symplectic surface representing s. The result follows from Corollary 4.12.
For the manifolds in d), K is trivial. Both b 1 and b 2 are equal to two, and the ray of classes with square zero are generated by γ and another class which we denote by η. All these manifolds are geometric, and it is shown in [G] that every class with positive square can be represented by a 'geometric' symplectic form such that it is symplectic on the fibers. Since K = 0, d(η) is equal to zero. By Lemma 3.4 we find that Gr(η) is non-trivial. Under the assumption there is a unique deformation class of symplectic forms, the result follows from Corollary 4.12.
For the manifolds in e), γ is non-zero and is the Poincare dual to the fiber. By the ajunction formula, K · γ = (2g − 2). If the genus of the fiber is zero, it is in case c); if the genus of the fiber is one, it is in case d). If the genus of the fiber is at least two, then the rays of classes with square zero generated by K and γ. By Theorem 3 we only have to show that γ is in S K . We will construct symplectic forms in every class in P such that the fibers are symplectic. Then the conclusion follows from Corollary 4.12 under the assumption there is a unique deformation class of symplectic forms. Choose a metric on X such that π : M −→ S 1 is a harmonic map. Let dθ be the volume form of the base circle and µ be * X π * dθ. Let ds be the voulme form of the porduct circle. Then for any positive number α and β, the form αds ∧ dθ + βµ is symplectic and restricted to symplectic forms on each fiber.
For manifolds in f), C = P and C ∧ is the empty set. Thus by Lemma 4.2(1), S is also the empty set. The proof of Proposition 4.13 is complete.
Remark 4.14. For manifolds in class d) and e), Let us denote the component containing the 'nice forms' by V. Define the V− symplectic cone and the V−surface cone by replacing Ω K by V in the definition of C K and S K . Our arguments actually demonstratess the dulaity between the V−symplectic cone and the V−surface cone. As mentioned in the introduction, the V−surface cone is just the deformed symplectic effective cone in the sense of Ruan.
It seems to us that Conjecture holds for a manifold M if it holds for one of its minimal models. By (4.6), the conjecture holds for M if and only if F P(M ) ⊂ S K(M ) . Let N be one of minimal models of M and E 1 , ..., E l be the exceptional classes. The conjecture holds for N if and only if F P(N ) = S K(N) . It is easy to see that
Thus it suffices to show that S K(N) = F P(N ) ⊂ S K(M ) . Due to Corollary 4.12, this is quite possible.
